This paper presents Green's function for time-harmonic elastodynamic problems for a single layer domain (three-dimensional region bounded by two parallel planes with traction-free boundary conditions). The semi-analytic solution is built in three steps: (a) potential displacement representation; (b) angular Fourier series; (c) radial Hankel transform. Reflection matrices are presented for the plate domain. Kernels are integrally split into a singular closed-form term (the static half-space solution) plus an incremental solution. In order to compute the inverse Hankel transform for displacements and stress components, a modified complex integration path is required. Theoretical considerations allow an adequate delimitation of such a complex path. A specific treatment is proposed for low excitation frequencies where asymmetric Lamb waves play a major role. A series of numerical benchmarks are presented to validate the implementation of the functions (displacements and tractions).
Introduction
The numerical treatment of certain specific mixed boundary value problems involving layered media requires fundamental solutions in order to obtain accurate results which are compatible with low computing times. Numerical methods based on fundamental solutions, such as the boundary element method (BEM), would require such a demand. One of the high interest problems that demands such a solution is the analysis of single or multi-layered elastic plates. The main applications of waves in plates are ultrasonic non-destructive testing and parameter identification. Recent interest in guided waves in plates came from the developments of acoustic emission and ultrasonic testing. Recent references on this subject can be found in David and Cheeke (2002) , Kundu (2004) , Malhotra and Carino (2004) . The problem of wave propagation in infinite plates has been extensively studied since the work by Rayleigh (1888 Rayleigh ( -1889 and Lamb (1917) , the main contribution of which was to introduce the concept of wave equations. One important advance in the context of dispersion relations and approximate theories can be found in the work by Mindlin (1960) .
The elastodynamic Green function for a homogeneous isotropic elastic plate has long been studied (see the review work by Miklowitz, 1978) . Initial studies into fundamental solutions for wave propagation in plates deal with two-dimensional problems, in the context of axisymmetric problems (e.g. Weaver and Pao, 1982 using the eigenfunction method). In the context of three-dimensional time-domain problems, the paper by Ceranoglu and Pao (1981) shows a Green's function based on the generalized Ray theory, using the Cagniard-De Hoop method to solve the double transform. The solutions based on the generalized Ray theory require numerical evaluation of the results, and this is a critical aspect of the method. Vasudevan and Mal (1985) present the transient solution due to an embedded dislocation. A transient Green's function has been published in the form of a FORTRAN code (Hsu, 1985) , based on the Ray theory solution.
In the context of approximated solutions, a semi-analytical formulation has been proposed: a 1D finite element mesh is introduced for the layering direction, and analytic (or semi-analytic) solutions are considered for the remaining coordinate directions. The layers are divided into sub-layers to introduce the FEM mesh and this method is called the thin-layer method (TLM). For two-dimensional problems, Abascal (2002, 2003) show a method to analyse wave scattering due to defects in layered media, whereby a BEM mesh is used to model the defect neighbourhood and a FEM semi-analytical Green's function is used in the far-field. For 3D problems, Kausel and Peek (1982) , Kausel (1994) present the fundamental solution for layered media based on the TLM. Recently, Bai et al. (2004) presented a fundamental solution based on modal superposition for homogeneous or multi-layered plates. A finite element mesh is introduced to approximate the vertical component of displacements, while for planar directions, the spatial double Fourier transform leads to plane and antiplane modal equations, which provide the modal base for expanding the solution.
The work by Benítez and Rosakis (1985) presents a general analytic approach for obtaining the three-dimensional Green's function for a multi-layered plate. The double Fourier transform and the propagator matrix technique lead to the analytic solution in the transformed domain. The authors define the solution without attempting numerical inversion and this work is carried out in Pintado and Benítez (1990) for a uniformly moving source.
Matrix techniques have been used to analyse multilayered configurations (see the review work by Lowe, 1995) . The propagator matrix method is a technique which was initially developed by Thompson (1950) and Haskell (1953) to relate the tractions and displacements at the upper and lower surfaces of a layer. The initial technique was improved by Harkrider (1964 ), Haskell (1964 , Luco and Apsel (1983) , Luco (1983), Franssens (1983) , Hisada (1994) , Hisada (1995) , among others.
Work by Kundu and Mal (1985) and Xu and Mal (1985) , and recently for multilayered composites Banerjee and Mal (2005) , shows a solution method which has improved on the Haskell-Thompson matrix method. The numerical technique used is an integral transform approach in the frequency domain where only the surface response is computed. In this context, the solution cannot be considered to be a Green's function.
Work based on the double Fourier transform requires a large amount of computation time to evaluate the integrals of the inverse transform. The Hankel transform approach reduces the dimension of the integrals from two to one (only in the radial direction). Pak and Guzina (2002) present the three-dimensional fundamental solution for a multilayered viscoelastic half-space, based on the original approach by Luco and Apsel (1983) . The solution is built in three steps: (a) potential displacements, (b) angular Fourier series, (c) radial Hankel transform. The propagator matrix approach is updated in order to define the solution, free of unbounded exponential terms. The evaluation of the fundamental solution requires the numerical evaluation of the inverse Hankel transform (henceforth IHT). A modified integration path is proposed in order to avoid the singularities along the real axis (see Guzina and Pak, 2001) . This paper deals with the Green's function for the time-harmonic elastodynamic problem in a plate domain, including damping effects. The method proposed by Guzina and Pak is adopted here to develop the fundamental solution by including the boundary conditions of the plate, and the specific reflection matrices for the plate have been obtained. In order to compute the IHT, a modified integration path is introduced. A careful analysis has been carried out to identify the poles along the formal path which are specific for the plate domain.
The result of this analysis is the identification of unbounded poles at low excitation frequencies, which correspond to the asymmetric Lamb modes. A numerical treatment is proposed to delineate the integration path. In order to validate the solution, a series of numerical tests are presented, in which the solution is checked and compared with other previously published results.
Problem statement and solution method
The linear elastic response of a general three-dimensional homogeneous and isotropic solid may be analysed in terms of the Navier equation,
where k and l are the Lamé constants; q is the material mass density; u is the displacement field; € u stands for the acceleration field; and f is a time-dependent volumetric force field. Eq. (1) may be analysed in the frequency domain by virtue of the Fourier transform leading to
where the factor e ixt is omitted. Fig. 1 shows the infinite plate domain with a thickness of h. The Cartesian reference, R c ¼f0; x 1 ; x 2 ; x 3 g, and the polar coordinate system R p ¼f0; r; h; zg are also shown. The plate domain X ={(x 1 , x 2 , x 3 )j0 6 x 3 6 h} is bounded by the free surfaces S 1 and S 2 ,withS 1 ={(x 1 , x 2 , x 3 )jx 3 = 0} and S 2 ={(x 1 , x 2 , x 3 )jx 3 = h}. A time-harmonic point force is located at z = s. A displacement vector, which is the solution of Eq. (2), can be represented as a combination of three displacement potentials, / 1 , / 2 , and / 3 (see Pak, 1987) , uðr; h; zÞ¼r/ 1 ðr; h; zÞþrÂf/ 2 ðr; h; zÞe z þrÂ½/ 3 ðr; h; zÞe z g ð3Þ
with e z being a unitary vector in the vertical direction (x 3 or z). Considering Eq. (3) in Eq. (2), it follows that the governing equation for each potential is Helmholtz-type,
where
The viscosity effects may be included in the model by complex-valued material parameters (correspondence principle, Christensen, 1971) . Thus, constants k * and l * are defined in terms of the frequency-dependent coefficients n a and n b : In what follows, the elastic constants will be shown as k and l, 
Constants A m q m
; B m q m will be computed from the following boundary conditions: traction free at z =0;z = h and source at z = s. The roots a and b are located in the first quadrant so their real parts are positive. Displacement and traction Cartesian components u i , s ij , respectively, can be related with potential derivatives through the polar components. In order to prescribe the source condition, a general distributed load at z = s is applied as a traction jump, 
In particular, a point force located at z = s is represented by the Dirac Delta function in polar coordinates,
where e h is a unit horizontal vector in the h = h 0 direction and F h and F v are the magnitudes of the point load components. Each angular Fourier series, Eq. (12),off h (r, h, z)andf v (r, h, z) contains only three terms, m = À1, 0, 1, with
Henceforth, source magnitude loads will be indexed as
Uncoupled PS and S wave propagation systems
For numerical purposes, it is convenient to introduce a set of dimensionless parameters,
where l 0 and q 0 are the reference values for shear stiffness and mass density. In what follows, such values will be fixed as l 0 = Re(l) and
is the reference wavenumber. An additional change of variables leads to the dimensionless displacements,
and dimensionless tractions
where F m is the source series defined in Eq. (14). Thanks to these changes of variable, two uncoupled propagation systems Hisada, 1994; Pak and Guzina, 2002) for S-waves. The terms w dm ; w um ; w dm and w um are interpreted as downward and upward propagating components of the PS and S wave vectors, respectively. It is possible to obtain the expressions for these vectors by applying the specific plate boundary conditions. The decomposition for PS vector is
Matrices R u and R q are given by, 
The Heaviside function is represented by H and I is the 2 · 2 identity matrix. The pure shear wave propagating system is defined in terms of the scalar functions
with
the dimensionless coefficients for the source series are given by
where a unit load in vertical and horizontal directions has been assumed.
Asymptotic decomposition
In order to evaluate the displacement and traction components of the elastodynamic fundamental solution, the semi-infinite integrals corresponding to the IHT must be computed. Denoting the source direction by superscript s ={hAEv}, the displacement components can be obtained:
while for tractions,
The fundamental solution (displacements and traction components) becomes singular at the source point. The integrals that define the fields become singular when the area to integrate is unbounded and the integrand is low decaying. In order to compute the IHT integrals, the integrands may be split into a strong decaying term plus a term which is integrated in closed-form, which represents the singular component. The leading asymptotic expansions (see Pak, 1987; Pak and Ji, 1994) 
where the functions c 1 ,c 2 , c 3 , X 1 and X 2 correspond to the bi-material full-space fundamental solution functions (see Guzina and Pak, 1999) , with the interphase plane located at x 3 = 0 for 0 < s 6 h/2 or x 3 = h for h/2 < s 6 h; the half-space fundamental solution functions are obtained from these taking l = 0 for the unloaded half-material. Complex parameters l, m are assigned to the loaded half-space.
The asymptotic kernels v a i m ðfÞ admit closed-form IHT integrals in Eq. (32), corresponding with the displacement field in a half-space, the closed-form expressions of which were obtained by Mindlin (1936) . The fundamental solution displacement field will therefore be given by
where superscript R denotes the regular kernel. As occurs with displacements, traction components r a ij m can also be factorized (see Guzina and Pak, 1999) . The IHT traction integrals also lead to closed-form expressions, given by Mindlin (1936) , and an analogous kernel decomposition may be written for tractions.
At this point, we should mention that an alternative decomposition may be set by defining the asymptotic part of the solution by considering the static point-load solution for an infinite slab. This approach is possible, and it is easy to prove that such a solution can be split into Mindlin's solution plus a regular function (thus, the singularity is similarly removed). This alternative approach seems to present certain advantages in the context of its use in a numerical method such as the boundary element method. The static solution for a slab, on the other hand, involves more complexities than Mindlin's solution: the integrated form requires more floating-point operations, and there are fewer references in literature to it; moreover its representation in the Hankel transformed domain does not exist in the literature. This alternative method might therefore be explored, but it is not trivial to argue that it is better than the one proposed here. In computing codes and in the context of the boundary element method, the use of Mindlin's static part introduces additional integrals for particular geometries, but depending on the problem, such an approach would be faster than the one which considers the slab's static part.
Evaluation of the inverse Hankel transform integrals
The regular part of the fundamental solution is given as a set of integrals for displacements and tractions. The strong decay of the integrand in Eq. (37) allows numerical evaluation in a truncated interval. The main drawback of the integration is the presence of poles along the formal path (when no damping is considered), or quasi-singular behaviour for poles close to the integration points (when damping is included). In order to solve these problems, a common technique consists in delineating a deformed complex integration path (Levy and Mal, 1976; Greenfield, 1995; Guzina and Pak, 2001) , which smoothes the integrands. Fig. 2 shows the modified contour, which is characterized by the initial slope tan(/) and the f-abscissas g 1 , g 2 , g 3 . The path is completed from g 3 along the real axis, with g max being the end point of the truncated interval. The method requires delineation of the adequate path, avoiding the poles which remain in the shaded areas. The poles are given by the zeroes of the determinant det G d = det G u and G u , Eqs. (22) and (23).
Asymptotic plane-wave limits
Although the poles may be directly obtained by finding the roots k Ã of det G d = 0, no closed-form expressions are available for these roots. Parameter g 2 must be chosen so that max Ref k Ã g 6 g 2 . The way to bound the real part of the poles proposed in this paper is to analyse plane-wave propagation problems for long values of the radial variable. The eigenfrequencies for the limiting plane problems are included in det G d = 0, as the radial dependence is only introduced by the Bessel functions. The PS and SH plane problems are governed by Rayleigh-Lamb waves and antiplane modes, respectively. Further details of plane-wave analysis can be found in Kundu (2004) .
Rayleigh waves
Rayleigh waves are the PS waves that propagate along the free surface in a homogeneous half-space. Equation R(f) = 0, with R(f) shown in Eq. (26), gives the normalized wavenumbers corresponding to Rayleigh waves. Let v s and v p be the speeds of the P and S waves, and k s , k p the P and S wavenumbers, respectively. The equation R(f) = 0 is written as
q . This formula can be written in dimensionless format as . Since j > 1, it can be proved (Mal and Singh, 1991) that there is only one zero in Eq. (39), s R 2 [0, 1]. Thus, k R ¼ 1=s R 2½0; 1. The phase velocity of Rayleigh waves depends on Poisson's ratio and the S-wave speed. There are two expressions for estimating v R : Eq. (40) due to Viktorov (1967) , and Eq. (41) due to Schmerr (1998). 
Poisson's ratio is bounded by m 2 [0, 0.5]; thus, considering Eqs. (40) and (41) Pak (2001) , the bound for the maximum pole for a multilayered half-space configuration is fixed to g 2 = 1.25, which verifies g 2 > 1.1494, defining the normalization constants q 0 and l 0 from their values in the lowest-velocity layer. Such a bound is imposed in terms of the Rayleigh wave, and the proposed bound is confirmed for various multi-layered configurations by numerical experiments, in which smoothly heterogeneous configurations are tested.
Lamb waves
Lamb waves are known as the in-plane waves for a plate and consist of P and SV waves which propagate along the planar direction. The traction-free conditions lead to two equations, the roots of which provide the symmetric or asymmetric modes.
• Symmetric Lamb modes. The dispersion equation is
Roots k in Eq. (42) 
With this approximation, the solution of Eq. (42) is
where k S L stands for the symmetric Lamb wavenumber.
Therefore, the speed of symmetric Lamb modes at near-zero frequency is a finite value. The normalised wave-
, since the ratio v In the high frequency range, the left-hand side term in Eq. (42) tends to the unity; thus, in this case, symmetric Lamb modes tend to Rayleigh modes, in which no unbounded wavenumbers were obtained.
• Asymmetric Lamb modes. The dispersion equation for these modes is tanhðah=2Þ tanhðbh=2Þ
The solution at zero frequency corresponds with the fundamental asymmetric mode, denoted by A 0 . The solution for v A L in Eq. (46) at low frequency can be obtained by the perturbation method (Bland, 1988; Mal and Singh, 1991) 
Thus, the wavenumber k
thus,
The approximation defined by Eq. (47) is a good predicting value for the root in Eq. (46). From this equation, the dimensionless wavenumber for this mode is:
The asymmetric Lamb modes are included in the solutions of det G d = 0. This pole is such that the lower the frequency, the higher the value for Ref k A L g. Therefore, in the low frequency range, the position g 2 is defined by the condition
On the other hand, the asymmetric Lamb modes at high frequency tend to Rayleigh modes, as they do for the symmetric modes.
Antiplane waves in a plate
The SH eigenvalues and eigenfunctions constitute the free vibration for the antiplane modes. The propagation velocity at a fixed frequency is given by
The velocity v s depends on x. The 0th mode is not dispersive, whereas modes m =1,2,...are. The dimensionless wavenumber (29) shows that poles are given by ð1 À e À2 b h Þ¼0, which leads to Eq. (52).
Modified contour path delineation
The analysis for parameters /, g 1 , g 2 and g 3 proposed by Guzina and Pak (2001) for the multilayered halfspace problem is checked and updated for the plate solution.
• Initial angle / and g 1 . Guzina and Pak (2001) proposed the limits of the initial slope and the height of the contour path, p/8 6 / 6 3p/8, and 0.05 6 tan(/) AE g 1 6 0.36. For the plate domain, numerical experiments confirm the validity of these limits.
• Parameter g 2 . This variable requires special attention due to the presence of Lamb modes in the plates. For the multilayered half-space problem, the bound g 2 > 1.25 was proposed, on the basis of numerical tests for multilayered configurations, in which smooth stiffness transitions were adopted. When the plate domain is tested, such a limit is not valid in the low frequency range. It was shown in Section 3.1.2 how normalized asymmetric wavenumbers become unbounded at low frequencies, thus
Although the adopted criterium should be g 2 ¼ maxfRef k R g; Ref k L gg, with k R being the Rayleigh wavenumber, a more practical approach is proposed in this paper (see below).
• Parameter g 3 . This is required for adequate smoothing of the integrand. A value g 3 =2AE g 2 is valid for any situation.
Integrals involving Bessel functions are performed by means of an advanced adaptive numerical procedure which is presented in Guzina (1996) and Guzina and Pak (2001) .
The practical delineation of the integration path for parameter g 2 consists of the identification of situations in which the real part of the furthest pole to the imaginary axis is greater than a certain fixed parameter. The value g 2 = 1.25 has been adopted and this covers a wide range of situations in which the modified contour path is valid. In order to consider all the plate configurations, the dimensionless parameter c = k s /h is introduced (S-wavelength to thickness). Fig. 3 shows the solution c in Eq. (46) with k = 1.25 and h/2 = p/(ck s ) for m 2 [0,0.5]. It can be seen that ratios c 6 1.575 validate the limit g 2 = 1.25. When the ratio is c > 1.575, the solution of Eq. (46) provides the Lamb mode, and g 2 ¼ Ref k
A L g must be adopted in case the value is greater than 1.25 (this depends on m). The situations in which the upper limit corresponds to the asymmetric Lamb modes are limited to the low frequency range. Table 1 shows the values obtained for k A L when Poisson's ratio m = 0 and no damping is given, which constitutes the limiting case. The value c = 1000 would be considered a practical maximum value to use the dynamic solution instead of the static Green's function. The numerical procedure for integration in the interval [g 1 , g 2 ] consists of an adaptive method, fixing g 2 and iterating until the required accuracy is attained. • The maximum pole locations (pole positions agree with the results shown in Table 1 ).
• The role of the initial slope (the initial slope tan(/) = 0.5 produces a smoother integrand than tan(/) = 0.1 since it is further from the real axis).
Validation
In this section, the Green's function is validated by means of a series of tests and a double consideration:
(a) Tests based on the reciprocity theorem for displacement and layer geometry for stresses, in which the basic properties of the fundamental solution are tested using only the approach presented in this paper; (b) A direct comparison with previously published plots in which the layer's fundamental solution is obtained using different techniques.
Reciprocity check
The elastodynamic displacement field corresponding with any fundamental solution must fulfill a basic identity, 
called Maxwell-Betti's reciprocity identity, where x and y are the positions of the receiver and source points, respectively. Superscript j denotes the Cartesian component of the source force. The subscript i stands for the Cartesian component of the displacement field. Fig. 5 shows the reciprocity comparison. A layer, thickness h, and parameters l, m = 1/3, is considered. The point force value is lh 2 . A dimensionless excitation frequency X = 12, with X ¼ xh= ffiffiffiffiffiffiffiffi l=q p is set. The figure represents the real and imaginary parts for two solutions. For the first one, u 3 /h displacement is computed for a source pointing to the x 1 direction located at (0, 0, 0.25h) and receivers at (h,0,z). The second distribution shows u 1 /h corresponding with a set of sources pointing to the x 3 direction in (h,0,z) at the observation point (0, 0, 0.25h). The contrast between both solutions shows a perfect agreement. Although this test shows that the displacement components fulfil the Maxwell-Betti identity, the result is not exclusive to the layered solution. In order to check specific properties of the plate domain, the following test is proposed for tractions.
Traction fundamental solution symmetry check
The layer fundamental solution shows certain symmetries or asymmetries with respect to the plane z = h/2, due to the geometric configuration and the boundary conditions prescribed. This aspect may be tested in traction fields by comparing two solutions. A layer, thickness h, stiffness l and Poisson's ratio m = 0.3 is considered. ''Solution 1'' consists of a point source lh 2 located at (x 1 , x 2 , x 3 ) = (0, 0, 1/3h). Two source directions (in x 1 and x 3 directions) are considered in two independent tests. Traction profiles s ij are computed at (h, 0.5h, v), v = x 3 2 [0, h]. ''Solution 2'' consists of a source lh 2 located at (x 1 , x 2 , x 3 ) = (0, 0, 2/3h), for which traction profiles are computed at (h, 0.5h, v), with v = h À x 3 . Both solutions show s Sol: 1 ij ðh; 0:5h; vÞ¼AEs Sol:2 ij ðh; 0:5h; vÞ, where the sign depends on the source location (symmetric or asymmetric profiles). The x-axis represents the dimensionless abscissa v/h. For both problems, a dimensionless excitation frequency X ¼ xh=ð ffiffiffiffiffiffiffiffi l=q p Þ¼12 is given as input data. Fig. 6 represents the comparison between both solutions for a source load pointing to the x 3 direction (vertical load). The relation between traction components is Perfect agreement is observed. Fig. 7 shows the traction profiles for a source pointing to the x 1 direction (horizontal load). For this problem, 
Perfect agreement is also observed for this case.
Comparison with results based on different methods
The aim of these tests is the direct comparison with previously published results. The source for comparison is found in Bai et al. (2004) which described the solution for a layered isotropic plate based on the double Fourier transform. The solution is built through modal superposition. An alternative solution is shown for a purevertical load (axisymmetric problem) based on a hybrid model, also reported by Bai et al. (2004) , in which the Hankel functions of the first kind constitute the modal base at the near-field.
A plate, thickness h, elastic moduli l and Poisson's ratio m = 1/3 is considered. A vertical source lh 2 is located at (x 1 , x 2 , x 3 ) = (0, 0, h/4). The receiver is located at (h,0,z), where z 2 [0, h]. The u 3 /h dimensionless displacement is computed at z. The dimensionless frequency X ¼ xh= ffiffiffiffiffiffiffiffi l=q p ¼ 20 is considered. The factor e Àixt is considered at Bai's solution; thus, the conjugate complex of the solution proposed here is compared with the ones obtained by the hybrid and modal superposition methods. Although agreement is quite good, better agreement is observed with the hybrid method, and this is due to the similar near-field representation between the hybrid method and the solution proposed here which is based on the Hankel transform. Both representations better reproduce singular behaviour at the source neighbourhood. Since the modal superposition method is based on the addition of planar waves (rather than singular solutions), the near-field behaviour therefore requires more terms in order to give an accurate result.
The comparison for a horizontal source is shown in Fig. 9 . A source lh 2 pointing to the x 1 direction is located at (0, 0, h/4). The dimensionless vertical displacement u 3 /h is computed at (h,0,z). The value X =20 has been considered. For this problem, only the modal superposition solution is available (the hybrid method is valid only for vertical load). Agreement between the results is good, and small differences are observed due to the different representations at the near field.
Concluding remarks
This paper presents the fundamental solution for the three-dimensional elastodynamic problem for an isotropic layer domain. Time-harmonic formulation has been considered, and damping is included by complexvalued material parameters. The solution method based on the propagator matrix method, including updates by Pak and Guzina (2002) , has been adopted to develop the Green's function, and the specific reflection matrix components for the plate domain are presented. Displacement and traction components are given by two adding terms: an analytical closed-form solution (corresponding with the static half-space problem) and a regular integral (which must be evaluated by numerical methods). The modified integration path technique is used to obtain a smooth integrand. A careful analysis of poles reveals that the asymmetric Lamb's normalized wavenumber becomes unbounded when the frequency decreases. A specific treatment is proposed to identify the position of such poles, which may be extended to multilayered configurations, in which a strong stiffness transition permits the presence of Lamb waves, not only for plates, but for some multilayered half-space configurations. Numerical tests confirm theoretical and practical aspects have been correctly developed. 
